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Abstract
The theory of locally convex cones as a branch of functional analysis was presented by K. Keimel and
W. Roth in [K. Keimel, W. Roth, Ordered Cones and Approximation, Lecture Notes in Math., vol. 1517,
Springer-Verlag, Heidelberg, 1992]. We study some more results about dual cones and adjoint operators on
locally convex cones. Moreover we introduce the concept of the uniformly precompact sets and discuss their
relations with σ -bounded sets. Some results obtained about inductive limit, projective limit, metrizability
and quotients of locally convex cones.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
An ordered cone is a set P together with two operations; addition and scalar multiplication
for non-negative real numbers λ  0. The addition is associative and commutative, and there
is an element 0 ∈ P such that a + 0 = a for all a ∈ P . For the scalar multiplication the usual
associative and distributive properties hold, 1a = a and 0a = 0 for every a ∈ P . In addition, the
cone P carries a preorder, i.e., a reflexive transitive relation  such that a  b implies a + c 
b+ c and λa  λb for all a, b, c ∈P and λ 0. As equality in P is obviously such a relation, all
results about ordered cones apply to cones without order structures as well. Also R = R∪ {+∞}
is a preordered cone with respect to usual addition, multiplication and order on R.
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system say; V , that consists of some elements of P with the following properties:
(v1) 0 < v for all v ∈ V .
(v2) For all u,v ∈ V there is w ∈ V with w  u and w  v.
(v3) u + v ∈ V and λv ∈ V whenever u,v ∈ V and λ > 0.
Every (abstract) 0-neighborhood system on P corresponds to three topologies called upper,
lower, and symmetric topologies. The neighborhood of an element a ∈ P with respect to v ∈ V
is defined to be
v(a) = {b ∈ P: b a + v}, (a)v = {b ∈P: a  b + v},
and v(a)v = v(a) ∩ (a)v in these topologies, respectively. Observe that the symmetric topology
is the common refinement of the upper and lower topologies.
If we assume that all elements of P are bounded below, that is for every a ∈ P and v ∈ V we
have 0 a+ρv for some ρ > 0, then the pair (P,V) is called a full locally convex cone. A locally
convex cone (P,V) is a subcone of a full locally convex cone, not necessarily containing the
(abstract) 0-neighborhood system V .
There is another equivalent useful construction to topologize cones. Let P be a cone. A col-
lection U of convex subsets of P × P is called a convex quasi-uniform structure on P, if the
following hold:
(u1)  ⊂ U for all U ∈ U,  = {(a, a): a ∈P}.
(u2) For all U,V ∈ U there is W ∈ U such that W ⊆ U ∩ V .
(u3) λU ◦ μU ⊆ (λ + μ)U for all λ,μ > 0 and U ∈ U, where λU ◦ μU = {(a, b) ∈ P2:
∃c ∈ P with (a, c) ∈ λU and (c, b) ∈ μU}.
(u4) λU ∈ U for all U ∈ U and λ > 0.
We order the cone P via convex quasi-uniform structure by defining the preorder a  b if and
only if (a, b) ∈ U for all U ∈ U. The neighborhood bases for an element a ∈ P in the upper and
lower topologies are given, respectively, by the sets
U(a) = {b ∈P: (b, a) ∈ U}, (a)U = {b ∈P: (a, b) ∈ U}, U ∈ U.
Note that the topology induced by the uniform structure Us = {U ∩U−1: U ∈ U} is the common
refinement of the upper and lower topologies, where U−1 = {(b, a): (a, b) ∈ U}.
The notions of an (abstract) 0-neighborhood system V and a convex quasi-uniform structure U
on a cone P are equivalent in the following sense:
For a locally convex cone (P,V) and each v ∈ V , we put
v˜ = {(a, b) ∈P ×P: a  b + v}.
The collection V˜ = {v˜: v ∈ V} is a convex quasi-uniform structure on P , which induces the same
upper, lower and symmetric topologies. On the other hand, if P is a cone with a convex quasi-
uniform structure U, then one can find a preorder and an (abstract) 0-neighborhood system V
such that the convex quasi-uniform structure V˜ is equivalent to U [1, Chapter I, 5.5].
If (P,V) is a locally convex cone, the condition that every element a ∈ P has to be bounded
below translates into, for each v˜ ∈ V˜ there is some ρ > 0 such that (0, a) ∈ ρv˜. On the other
hand, if a quasi-uniform structure U on a cone P has the extra property
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then the resulting cone will be locally convex, that is, every element a ∈ P would be bounded
below.
For locally convex cones P and Q, with convex quasi-uniform structures U and V, respec-
tively, a linear mapping t :P → Q is called uniformly continuous (u-continuous) if for every
V ∈ V, there is some U ∈ U such that (a, b) ∈ U implies (t (a), t (b)) ∈ V , i.e., T (U) ⊆ V ,
T = t × t . If V and W are (abstract) 0-neighborhood systems on P and Q, t is u-continuous if
and only if for every w ∈W there is some v ∈ V, such that (a, b) ∈ v˜ implies (t (a), t (b)) ∈ w˜ or
equivalently; t (a) t (b) + w whenever a  b + v. Uniform continuity implies continuity with
respect to the upper, lower and symmetric topologies on P and Q. The set of all u-continuous
linear functionals μ :P → R is a cone called the dual cone of P and denoted by P∗. In a locally
convex cone (P,V) the polar v◦ of v ∈ V is defined by v◦ = {μ ∈P∗: a  b+ v implies μ(a)
μ(b) + 1}. Obviously we have P∗ =⋃v∈V v◦.
W. Roth has extended the theory of locally convex cones in several papers after [1]. We have
specially used some notions and definitions from [4] and [6].
In Section 2, we define dual cones, X-topology and study their properties via convex quasi-
uniform structures. Also we introduce the concept of uniformly precompact sets and study their
relations with σ -bounded subsets. Metrizability of a locally convex cone is discussed and some
results obtained.
We define adjoint operator in Section 3 and obtain some results including results related to
inductive limits, projective limits and locally convex quotient cones.
2. Dual pairs and dual cones
In [1], dual pair and X-topology are defined as following.
Definition 2.1. A dual pair (P,Q) consists of two cones P and Q with a bilinear mapping
(a, x) −→ 〈a, x〉 :P ×Q−→ R.
Definition 2.2. Let (P,Q) be a dual pair and X be a collection of subsets of Q such that:
(P0) inf{〈a, x〉: x ∈ A} > −∞ for all a ∈ P and A ∈ X.
(P1) λA ∈ X for all A ∈ X and λ > 0.
(P2) For all A,B ∈ X there is some C ∈ X such that A ∪B ⊆ C.
For each A ∈ X we define
UA =
{
(a, b) ∈P ×P: 〈a, x〉 〈b, x〉 + 1 for all x ∈ A}. (2.1)
The set of all UA,A ∈ X is a convex quasi-uniform structure with property (u5) and defines a
locally convex structure on P . This is called the X-topology on P . For each A ∈ X we denote
by vA the (abstract) 0-neighborhood induced on P by UA. Therefore (a, b) ∈ UA if and only if
a  b+vA. Obviously an X-topology on P defines at the same time upper, lower and symmetric
topologies on P .
We give some examples.
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1, . . . , n}, n ∈ N , λi > 0, satisfies the properties (P0)–(P2). The resulting Xa-topologies are the
coarsest ones.
For the set X = {λiai : i = 1,2, . . . , n}, λi > 0, n ∈ N , ai ∈ P, which is in fact the set of all
finite subsets of Q, X-topology is finer than each Xa-topology, and is denoted by σ(P,Q).
Note that the dual cone of P under the σ(P,Q)-topology is not necessary to be Q. For
example, if P =Q= R, considering the dual pair (P,Q) with bilinear form
〈a, x〉 =
{
ax, a, x = +∞;
+∞, a = +∞ or x = +∞,
define the linear mapping μ :R → R as
μ(a) =
{0, a = +∞;
+∞, a = +∞.
If we put A = {1}, then for all a, b ∈ R with a  b+vA, we have μ(a) μ(b)+1 hence μ ∈ R∗σ
but μ /∈ R.
(ii) Let (P,V) be a locally convex cone. A ⊂ P is called bounded if for every v ∈ V there
exists λ > 0 such that
a  λv and 0 a + λv for all a ∈ A.
Also A ⊂P is called internally bounded if for every v ∈ V there exists λ > 0 such that a  b+λv
for all a, b ∈ A.
The set of all bounded (internally bounded) sets of P satisfies the properties (P0)–(P2) and de-
fines an X-topology on P∗. For (P0), let A ⊂ P be bounded and μ ∈ P∗. Since P∗ =⋃v∈V v◦,
there is v ∈ V such that μ ∈ v◦. Thus there is some λ > 0 such that b  λv and 0 b + λv for
all b ∈ A, hence
inf
{
μ(b): b ∈ A}−λ > −∞.
It is easy to see that finite unions and positive scalar multiples of (internally) bounded sets are
(internally) bounded, hence (P1) and (P2) are satisfied. If A ⊂ P is internally bounded and μ ∈
P∗, there is v ∈ V such that μ ∈ v◦. For this v, there is some λ1 > 0 such that a  b+λ1v for all
a, b ∈ A. Now fix a ∈ A, since a is lower bounded, there is some λ2 > 0 such that 0 a + λ2v.
Hence 0 b + (λ1 + λ2)v for all b ∈ A which implies that
inf
{
μ(b): b ∈ A}−(λ1 + λ2) > −∞.
(iii) A ⊂ (P,V) is called uniformly precompact (u-precompact) if for each v ∈ V there ex-
ist subsets A1, . . . ,An ⊂ P such that A ⊂⋃ni=1 Ai and Ai × Ai ⊂ v˜, i = 1,2, . . . , n. The set
of all u-precompact subsets of P satisfies the properties (P0)–(P2) and defines an X-topology
on P∗. For (P0), let μ ∈ P∗ and choose v ∈ V such that μ ∈ v◦. Choose ai ∈ Ai , i = 1,2, . . . , n,
and let k = min{μ(ai) − 1: i = 1,2, . . . , n}. Then for each a ∈ A we have μ(a)  k, hence
inf{μ(a): a ∈ A} k > −∞. (P1) and (P2) are clear.
In the same way it is easy to see that the set of all compact subsets of P with respect to the
lower topology (or with respect to the symmetric topology) satisfies the properties (P0)–(P2).
Remark 2.4. A locally convex cone (P,V) is said to have strict separation property, in
short (SP), if for all a, b ∈ P and v ∈ V with a  b + ρv for some ρ > 1, there is μ ∈ v◦
such that μ(a) > μ(b) + 1.
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the original topology on P is equivalent with the X-topology where X = {v◦: v ∈ V} (cf. [1,
Chapter II, 3.2 and 3.3]) in the dual pair (P,P∗). This means that, if (P,V) has (SP), then the
(abstract) 0-neighborhood systems V and V ′ = {vv◦ : v ∈ V} are equivalent. Moreover for each
v ∈ V we have v◦ = v◦v◦, where v◦v◦ = (vv◦)◦, i.e., although may be v = vv◦ but their polars are
equal. For, if μ ∈ v◦ and a, b ∈P with a  b+vv◦ , i.e., (a, b) ∈ Uv◦ , we have 〈a,μ〉 〈b,μ〉+1
or μ(a) μ(b)+1, thus μ ∈ v◦v◦ . On the other hand, if μ ∈ v◦v◦ and a, b ∈ P with a  b+v, then
for each λ ∈ v◦, we have λ(a) λ(b)+1, i.e., (a, b) ∈ Uv◦ or a  b+vv◦ , thus μ(a) μ(b)+1
which implies that μ ∈ v◦.
In general, we have:
Proposition 2.5. Let (P,Q) be a dual pair and X be a collection of subsets of Q that satisfies
the properties (P0)–(P2). Then for every A ∈ X, A ⊆ v◦A = v◦v◦A .
The proof is an immediate consequence of the strict separation property of X-topology.
Definition 2.6. Let (P,V) be a locally convex cone. The subset A ⊂ P∗ is called uniformly
equicontinuous (u-equicontinuous), if there is some v ∈ V such that for all a, b ∈ P and μ ∈ A,
a  b + v implies μ(a) μ(b) + 1.
In other words, the subset A ⊂P∗ is u-equicontinuous if and only if there is some v ∈ V such
that A ⊂ v◦. Thus for every v ∈ V , v◦ is a u-equicontinuous subset of P∗.
Remark that considering the dual pair (P,Q) and the X-topology on P, since A ⊂ v◦A for
every A ∈ X, the members of X are u-equicontinuous subsets in the dual cone P∗X, where P∗X =⋃
A∈X v◦A means the dual cone of P where its (abstract) 0-neighborhood system is defined by X.
Considering the dual pair (P,P∗), the set of all u-equicontinuous subsets of the dual cone
P∗ satisfies the properties (P0)–(P2). It is easy to verify the properties (P1) and (P2). For the
property (P0), let a ∈ P and A ⊂ P∗ be u-equicontinuous. By definition there is some v ∈ V
such that A ⊂ v◦. Choose λ > 0 such that 0 a + λv, we have
inf
{
μ(a): μ ∈ A}−λ > −∞.
Theorem 2.7. Let (P,V) be a locally convex cone with strict separation property (SP), and
X be the set of all u-equicontinuous subsets of the dual cone P∗. Then the convex quasi-uniform
structure V˜ = {v˜: v ∈ V} is equivalent to the X-topology.
Proof. Let VX be the (abstract) 0-neighborhood system induced by X, since V ′ = {vv◦ : v ∈ V}
is equivalent by V (because of (SP) property), it is enough to show that V ′ is equivalent with
X-topology. Given A ∈ X, there is some v ∈ V such that A ⊆ v◦. Hence v˜v◦ = Uv◦ ⊆ UA
which implies that V ′ is finer than the X-topology. Conversely, for every v ∈ V , since v◦ is
u-equicontinuous, each v˜v◦ ∈ V˜X, hence the X-topology is also finer than V ′. 
Corollary 2.8. Let (P,Q) be a dual pair, X be a collection of subsets of Q that satisfies prop-
erties (P0)–(P2) and Y = {B ⊆ P∗X: B is u-equicontinuous}. Then the convex quasi-uniform
structure UY = {UB : B ∈ Y } is equivalent to the X-topology.
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property (P0). Then X also satisfies (P1) and (P2) and the resulting X-topology is the finest.
Proof. Let A ∈ X, λ > 0, and a ∈P, then
inf
{〈a,λx〉: x ∈ A}= λ inf{〈a, x〉: x ∈ A}> −∞,
so λa ∈ X. For property P2, let A,B ∈ X. Then for each a ∈P we have
inf
{〈a, x〉: x ∈ A∪ B}= min{inf{〈a, x〉: x ∈ A}, inf{〈a, x〉: x ∈ B}}> −∞,
that is A ∪B ∈ X. 
In a locally convex cone (P,V) for each a ∈ P we define
a¯ =
⋂
v∈V
v(a), ¯¯a =
⋂
v∈V
(a)v, a¯s =
⋂
v∈V
(a)v(a).
These are closures of {a} ⊂P with respect to the lower, upper, and symmetric topologies, respec-
tively. For example, b ∈ a¯ if and only if b ∈ v(a) for all v ∈ V, this means that for each v ∈ V ,
{a} ∩ (b)v = ∅, i.e., b is in the closure of {a} with respect to the lower topology. In particular,
a¯ is a closed subset of P with respect to the lower topology. Likewise, ¯¯a and a¯s are closed with
respect to upper and symmetric topologies, respectively. a¯X, ¯¯aX and a¯sX mean the closures with
respect to topologies induced by X. Obviously a¯X = a¯Y in general for different X and Y, but we
have:
Proposition 2.10. Let (P,Q) be a dual pair and X be the collection of all finite subsets ofQ and
Y be any collection of subsets of Q containing X that satisfies the properties (P0)–(P2). Then
for every a ∈ P we have
a¯X = a¯Y , ¯¯aX = ¯¯aY , a¯sX = a¯sY .
Proof. First, the lower topology induced by Y is finer than the lower topology induced by X, so
a¯Y ⊆ a¯X . Next, let a′ /∈ a¯Y . Since a¯Y =⋂B∈Y vB(a), there is some B ∈ Y such that a′  a + vB .
Thus (a′, a) /∈ UB and there is an element b ∈ B such that 〈a′, b〉 > 〈a, b〉 + 1. Put A = {b} ∈ X.
Then a′ /∈ vA(a) which implies that a′ /∈ a¯X . Other equalities are proved similarly. 
Let (P,) be a preordered cone. If V and V ′ are two (abstract) 0-neighborhood systems such
that V ′ ⊆ V, then the topologies induced by V on P would be finer than the topologies induced
by V ′. So we say that V is finer than V ′. On the other hand, if  and ′ are two preorders on P
such that
a  b implies a ′ b for a, b ∈P,
then each neighborhood system V with respect to  would be a neighborhood system with re-
spect to ′ . In this case the topologies induced by V and  on P are finer than the topologies
induced by V with respect to′ . For example, for a ∈P and v ∈ V we have v(a)′ ⊇ v(a), where
v(a)′ = {b ∈P: b′ a + v}.
In symbol, if we denote by T,V the topologies induced by  and V on P we have
T′,V ′ ⊆ T,V ′ ⊆ T,V
if and only if a  b implies a ′ b and V ′ ⊆ V .
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Let X be the collection of all finite subsets of the dual cone P∗. Then for every (abstract) 0-
neighborhood system V with VX ⊆ V ⊆W we have
a¯X = a¯V = a¯W , ¯¯aX = ¯¯aV = ¯¯aW , a¯sX = a¯sV = a¯sW (for every a ∈P).
Proof. It is sufficient to show that a¯X = a¯W . First, the lower topology induced byW is finer than
the lower topology induced by X, so a¯W ⊆ a¯X. Let a′ /∈ a¯W . There is some w ∈W, such that
a′  a +w. For every ρ > 1 we have ρa′  ρa + ρw hence, by (SP), there is some μ ∈ w◦ such
that μ(ρa′) > μ(ρa) + 1. Put A = {ρμ} ∈ X, for some ρ > 1. Then a′ /∈ vA(a) which implies
that a′ /∈ a¯X. 
Remark 2.12. (i) Let (P,V) be a locally convex cone and A ⊂P . The closure of A with respect
to the lower topology is given by
A = {b ∈ P: (b)v ∩A = ∅ for all v ∈ V}
=
⋂
v∈V
v(A)
=
⋂
v∈V
⋃
a∈A
v(a).
Equalities like AX = AY for a convex subset A and X,Y as in Proposition 2.10, corresponding
ones in locally convex topological vector spaces, need not be true in general. For example, let
P =Q= R+. Consider the dual pair (P,Q) with bilinear mapping 〈a, x〉 = ax. The collection
Y = X ∪ {R+}, where X is all finite subsets of Q, satisfies properties (P0)–(P2). We have
UR+ =
{
(a, b) ∈ R2+: ax  bx + 1, ∀x ∈ R+
}
= {(a, b) ∈ R2+: a  b}.
Put A = (0,1) ⊂P . For each x ∈ A, vR+(x) = [0, x] thus
vR+(A) =
⋃
x∈A
vR+(x) =
⋃
x∈(0,1)
[0, x] = [0,1).
Clearly, X induces the (abstract) 0-neighborhood system V = {ε ∈ R: ε > 0} on P, hence
AX =
⋂
ε>0
⋃
x∈A
[0, x + ε] =
⋂
ε>0
[0,1 + ε) = [0,1]
but
AY = AX ∩ vR+(A) = [0,1] ∩ [0,1) = [0,1).
In the same way, inequalities AX = AY and AsX = AsY are proved.
(ii) For a finite subset A = {a1, a2, . . . , an} ⊂ P in the conditions of Proposition 2.10 (also
Proposition 2.11) we have
AX =
n⋃
i=1
{ai}X =
n⋃
i=1
{ai}X
=
n⋃
{ai}Y =
n⋃
{ai}Y = AY .
i=1 i=1
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AX = AY and AsX = AsY .
(iii) Let (P,Q) be a dual pair. By Proposition 2.10 for the X-topology on P which is finer
than σ(P,Q)-topology (i.e., X contains all finite subsets ofQ and has properties (P0)–(P2)), we
have
a¯σ = a¯X
(
also ¯¯aσ = ¯¯aX and a¯sσ = a¯sX
)
for each a ∈ P . But there are many X-topologies on P that are coarser than σ(P,Q). For exam-
ple Xa-topologies introduced in Example 2.3(i). For these topologies the above equalities do not
satisfy in general. To see this let P =Q = R, a ∈ R and X = {+∞}. Then a¯σ = (−∞, a] but
a¯X = R.
Likewise, for each subset S of Q such that inf{〈a, x〉: x ∈ S} > −∞ for all a ∈ P, XS =
{⋃ni=1 λiS: n ∈ N, λi > 0} is a collection of subsets of Q that satisfies the properties (P0)–(P2).
XS -topology on P is not compatible with σ(P,Q)-topology, hence a¯σ is not equal with a¯XS in
general.
(iv) Using the strict separation property on a locally convex cone, we find a base for each
upper, lower and symmetric topology such that the elements of the base for the upper topology
are closed in lower one, and the elements of the base for the lower topology are closed in up-
per one, in particular, the elements of the base for the symmetric topology are closed. Indeed,
V ′ = {vv◦ : v ∈ V} is an (abstract) 0-neighborhood system equivalent with V ( because of (SP)
property), and for each a ∈P, we have
vv◦(a) = {b ∈P: b a + vv◦}
= {b ∈P: μ(b) μ(a) + 1 for all μ ∈ v◦}
=
⋂
μ∈v◦
μ−1
((−∞,μ(a) + 1])
which is a closed subset of P with respect to the lower topology. Similarly, (a)vv◦ is closed with
respect to the upper topology and vv◦(a)vv◦ is closed with respect to the symmetric topology.
In any case, with (SP) or not, we have
a¯ ⊆
⋂
v∈V
vv◦(a), ¯¯a ⊆
⋂
v∈V
(a)vv◦, a¯
s ⊆
⋂
v∈V
vv◦(a)vv◦ .
To see this let s ∈ a¯, then s  a + v for all v ∈ V, so μ(s)  μ(a) + 1 for all μ ∈ v◦, which
implies that (s, a) ∈ Uv◦ or s ∈ vv◦ .
If all elements of the locally convex cone (P,V) are bounded, i.e., for every a ∈P and v ∈ V
there is some λ > 0 such that a  λv, then the symmetric convex quasi-uniform structure satisfies
the property (u5) so that defines a locally convex structure on P as well. Let us denote this
by (P,Vs); i.e., for a, b ∈ P and v ∈ V, we have
a  b + vs if and only if a  b + v and b a + v.
A simple verification shows that the upper, lower and symmetric topologies associated with the
symmetric convex quasi-uniform structure coincide to the original symmetric topology.
Now we exhibit when the symmetric topology on a locally convex cone is metrizable. We
know that every convex quasi-uniform structure U gives rise to a directed family (dU )U∈U of
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family defines a metric on P equivalent to the symmetric topology. First we recall that a locally
convex cone (P,V) is called separated if a¯ = b¯ implies a = b for all a, b ∈ P . Also a subset U
of V is called a base of V if for every v ∈ V there is u ∈ U and λ > 0 such that λu v.
Proposition 2.13. Let (P,V) be a separated locally convex cone with countable base U for V ,
and let all elements of P be bounded. Then the symmetric topology on P is metrizable.
Proof. We define the directed family (d
v˜si
)vi∈U of sublinear quasi-metrics by
d
v˜si
(a, b) = inf{ρ > 0: (a, b) ∈ ρv˜si }, vi ∈ U,
and put
d(a, b) =
∞∑
i=1
2−n inf
{
d
v˜si
(a, b),1
}
.
Then clearly d is a metric and it is equivalent with the symmetric convex quasi-uniform structure.
For, let d(a, b) = 0 for the elements a, b ∈P . Then d
v˜si
(a, b) = 0 for all vsi , and we have (a, b) ∈
ρv˜si , for all ρ > 0 and all v
s
i . This yields a¯ = b¯ and by hypothesis we infer that a = b. 
Example 2.14. There are many locally convex cones with countable base. For example R and
C = C ∪ {+∞} (with a  b if b = +∞ or (a)(b)) with (abstract) 0-neighborhood system
V = {ε ∈ R: ε > 0}. Also locally convex cones generated by an inner product [5, Section 3] have
a 0-neighborhood system as {ρv: ρ > 0} for some v, which obviously has a countable base.
Definition 2.15. Let (P,Q) be a dual pair. We say that the collection X of subsets ofQ separates
the elements of P , if for all a, b ∈ P and a = b, there is an element x ∈ A, for some A ∈ X,
such that 〈a, x〉 = 〈b, x〉. Hence Q separates the elements of P, if the collection {{x}: x ∈Q}
separates the elements of P .
Proposition 2.16. Let (P,V) be a locally convex cone. If P∗ separates the elements of P , then
(P,V) is separated.
Proof. Let a, b ∈ P and a¯ = b¯. Then a  b + v and b  a + v for all v ∈ V . Given μ ∈ P∗ and
λ > 0, there is some v ∈ V such that (1/λ)μ ∈ v◦. So we have μ(a)  μ(b) + λ and μ(b) 
μ(a) + λ. Hence μ(a) = μ(b) for all μ ∈ P∗ which implies that a = b, for; P∗ separates the
elements of P . 
Remark 2.17. Let (P,Q) be a dual pair, X be a collection of subsets of Q with properties
(P0)–(P2), and A ∈ X. With notations introduced in Definition 2.2, it is easy to see that for each
λ > 0,
UλA = λ−1UA and vλA = λ−1vA.
Also for A,B ∈ X and A ⊆ B we have UA ⊇ UB, hence vA  vB.
Now let Y be a subset of X such that for each A ∈ X there exists B ∈ Y and λ > 0 such
that A ⊆ λB. Hence for each vA in the (abstract) 0-neighborhood system for X-topology on P,
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0-neighborhood system {vA: A ∈ X} = VX. So we call Y a base for X. In particular, if Y is
countable, say {B1,B2, . . .}, then VX would have a countable base.
Theorem 2.18. Let (P,Q) be a dual pair, X be a collection of subsets of Q with a countable
base, that separates the elements of P and satisfies the properties (P0)–(P2). Then if the elements
of P are bounded (as a linear mapping) on every A ∈ X, the symmetric topology induced by X
on P is metrizable.
Proof. Let a ∈ P and A ∈ X. Since a is bounded (as a linear mapping) on A, there is some
λ > 0 such that 〈a, x〉  λ, for every x ∈ A, which implies that a  λvA hence the elements
of P are bounded. Let a, b ∈ P and a = b. For some A ∈ X, there is an element x ∈ A ⊂ v◦A,
such that 〈a, x〉 = 〈b, x〉, hence P∗X separates the elements of P and (P,VX) is separated by
Proposition 2.16. Clearly by a countable base of X we will have an X-topology on P which
has a countable base. Thus by Proposition 2.13 the symmetric topology induced by X is metriz-
able. 
Example 2.19.
(i) Let P =Q= R, V = {ε ∈ R: ε > 0} and consider the dual pair (P,Q) (Example 2.3(i)). Let
X be the collection of all bounded subsets of Q. Let Y = {B}, where B = [−1,1]. Clearly
Y ⊆ X and for each A ∈ X there is λ > 0 such that A ⊆ λB. Hence λ−1vB  vA, {vB} is a
countable base for X-topology and the induced symmetric topology is metrizable.
(ii) Let R2+ = {(x, y): x, y ∈ R and x, y  0}. For P =Q = R2+ and bilinear mapping defined
by 〈(a, b), (x, y)〉 = ax + by, (P,Q) is a dual pair. For each r > 0, let Ar = {(x, y) ∈ R2+:
x2 + y2  r2}. Then X = {Ar : r > 0} satisfies the properties (P0)–(P2) and the collection
Y = {An: n ∈ N} is a basic subset of X which is countable. Hence the symmetric topology
induced by X is metrizable. Note that for Y we can take Y = {A1} as example (i).
In locally convex topological vector spaces every precompact subset is bounded and these
two are the same with respect to the week topology of dual pair. Here, in locally convex cones a
u-precompact subset need not be bounded, also a bounded subset need not be u-precompact (see
examples below). For special cases we have following results.
Lemma 2.20. Let (P,W) be a locally convex cone and V ⊂W such that the finite intersections
of the sets v˜, v ∈ V form a convex quasi-uniform structure for (P,W). If the set A has a finite
covering by sets say {Ai}ni=1 with Ai × Ai ⊆ v˜ (i = 1,2, . . . , n), for each v ∈ V , then A is u-
precompact.
Proof. First, if v1, v2 ∈ V and v˜ = v˜1 ∩ v˜2, then there are sets B1, . . . ,Bm with
A ⊂
m⋃
i=1
Bi, Bi ×Bi ⊂ v˜1 (i = 1,2, . . . ,m),
and sets C1, . . . ,Cn with
A ⊂
n⋃
Cj , Cj × Cj ⊂ v˜2 (j = 1,2, . . . , n).
j=1
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(Bi ∩Cj ) × (Bi ∩Cj ) ⊂ v˜ (i = 1, . . . ,m, j = 1, . . . , n).
The general case, when v˜ is an intersection of k sets of v˜i , v ∈ V can now be treated by induction
on k. 
Theorem 2.21. Let (P,Q) be a dual pair. Then every σ(P,Q)-bounded subset of P is u-
precompact with respect to σ(P,Q).
Proof. Let W be the 0-neighborhood system induced by σ(P,Q) and C ⊂ P be σ(P,Q)-
bounded. For every x ∈ Q, let vx be the 0-neighborhood induced by U{x}. If we put V =
{vx : x ∈ Q}, then V ⊂W and the finite intersections of the sets v˜x , x ∈ Q, form the convex
quasi-uniform structure W˜ . Now for vx ∈ V there is some λ > 0 such that
(C,0) ⊂ λv˜x and (0,C) ⊂ λv˜x,
i.e., for every c ∈ C, |〈c, x〉|  λ. Thus 〈C,x〉 is a bounded subset of R and there are intervals
Γ1, . . . ,Γn of diameter less than 1, such that 〈C,x〉 ⊂⋃ni=1 Γi. Thus
C ⊂
n⋃
i=1
x−1(Γi) with x−1(Γi) × x−1(Γi) ⊂ v˜x .
Therefore C is u-precompact, by the lemma. 
Theorem 2.22. Let (P,V) be a locally convex cone, such that every a ∈ P is bounded above.
Then every u-precompact subset of P is bounded.
Proof. Let A ⊂P be u-precompact, and v ∈ V . There are subsets A1, . . . ,An of P with
Ai ×Ai ⊂ v˜, A ⊂
n⋃
i=1
Ai (i = 1, . . . , n).
Choose ai ∈ Ai (i = 1, . . . , n). There is some λ > 0, such that
(ai,0) ∈ λv˜, (0, ai) ∈ λv˜ (i = 1, . . . , n).
Let a ∈ A be arbitrary. For some 1 i  n, a ∈ Ai , so (ai, a) ∈ v˜ and (a, ai) ∈ v˜. Now we have
(0, a) = (0, ai) ◦ (ai, a) ∈ λv˜ ◦ v˜ ⊂ (λ + 1)v˜
and
(a,0) = (a, ai) ◦ (ai,0) ∈ v˜ ◦ λv˜ ⊂ (λ + 1)v˜.
Since the element a ∈ A is arbitrary, we infer that
(A,0) ⊂ (λ+ 1)v˜ and (0,A) ⊂ (λ + 1)v˜.
Therefore A is bounded. 
Corollary 2.23. In an ordered cone with inner product [5], if B is the subcone of all elements
of finite norm (also, if B is the subcone of all bounded elements of a locally convex cone), then
every u-precompact subset of B is bounded.
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Then every u-precompact subset of P with respect to σ(P,Q) is σ(P,Q)-bounded.
Proof. We will show that every element ofP , is σ(P,Q)-bounded above. Let a ∈ P be arbitrary,
A = {x1, . . . , xn} ⊂Q and
UA =
{
(a, b) ∈P ×P: 〈a, xi〉 〈b, xi〉 + 1, xi ∈ A
}
.
There is some λ > 0 such that |〈a, xi〉|  λ , xi ∈ A. Then (a,0) ∈ λUA, i.e., the element a is
σ(P,Q)-bounded above. 
Example 2.25.
(i) Consider R = R ∪ {+∞} with V = {ε ∈ R: ε > 0}. Clearly subsets as {a,+∞} for all
a ∈ R, are u-precompact but they are not bounded.
(ii) Consider P = {[0, α], [0, β): α  0, β > 0} with set inclusion as order and V =
{(−ε,0]: ε > 0} as the (abstract) 0-neighborhood system. Then P is a locally convex cone
in which each subset A ⊂P is in form {[0, α]} or {[0, β]} for some α  0 and β > 0. Hence
each A ⊆ P, also a ∈ P is unbounded, but it is u-precompact; for, A × A ⊆ (−ε, 0˜] for all
A = {[0, α]} or A = {[0, β)} and all (−ε,0] ∈ V .
(iii) Let (E,‖.‖) be a normed space and
P = {A ⊂ E: A is closed, convex and non-empty}.
Define scalar multiplication in P as usual and for addition put A1 ⊕ A2 = A1 + A2 for all
A1,A2 ∈P . Also define a preorder on P as
A1 A2 if A1 ⊆ A2.
Now if B is the closed unit ball of E,
V = {λB: λ > 0}
is an (abstract) 0-neighborhood system making (P,V) into a full locally convex cone (see
[4, 2.5]).
Via the embedding of its elements into singleton subsets, the space E may be considered as
a subcone of P . Thus (E,V) is a locally convex cone on which the three (upper, lower and
symmetric) topologies of P coincide with the given norm topology on E. It is easy to show
that boundedness and precompactness in E are the same provided (E,‖.‖) as a convex space
or (E,V) as a locally convex cone. We prove that each precompact subset A of (E,‖.‖) is u-
precompact in (E,V) and vice versa.
Let A ⊆ (E,‖.‖) be precompact. Then there are subsets A1,A2, . . . ,An of E, each small
of order B, such that A ⊆⋃ni=1 Ai. For each Ai , i = 1,2, . . . , n, and every x, y ∈ Ai we have
x − y ∈ B. This means that {x} ⊆ {y} ⊕ B = {y} + B or (x, y) ∈ B˜, i.e., A is u-precompact. On
the other hand if A ⊆ (E,V) is u-precompact, then there are subsets A1,A2, . . . ,An of E such
that A ⊆⋃ni=1 Ai and Ai × Ai ⊆ B˜ for each i = 1,2, . . . , n. Hence for every x, y ∈ Ai we have{x}  {y} + B or {x} ⊆ {y} + B which implies that x − y ∈ B, that is Ai is small of order B,
hence A is precompact in (E,‖.‖).
Now if E is infinite dimensional, then B is bounded but not precompact (otherwise E would
be of finite dimension), hence it is not u-precompact.
900 M.R. Motallebi, H. Saiflu / J. Math. Anal. Appl. 337 (2008) 888–9053. Adjoint operators on locally convex cones
Definition 3.1. Let (P,V) and (Q,W) be locally convex cones. We denote the adjoint operator
of the linear mapping t :P →Q, by t ′ and define as follows:
t ′ :Q∗ → L(P,R), μ → t ′μ, μ ∈Q∗,
t ′μ :P → R, t ′μ(x) = μ(t (x)), x ∈P .
Theorem 3.2. Let (P,V) and (Q,W) be locally convex cones and t :P →Q be a linear opera-
tor, then
(a) if t is u-continuous, for every w ∈W there is some v ∈ V , such that t ′(w◦) ⊂ v◦; in particu-
lar, t ′(Q∗) ⊂P∗,
(b) if the locally convex cone (Q,W) has (SP), and for every w ∈W there is some v ∈ V such
that t ′(w◦) ⊂ v◦, then t is u-continuous.
Proof. (a) Let w ∈ W . There is some v ∈ V such that for all a, b ∈ P if a  b + v, then
t (a)  t (b) + w. We claim that t ′(w◦) ⊂ v◦. Let μ ∈ w◦ and a, b ∈ P such that a  b + v.
Then μ(t (a)) μ(t (b)) + 1, i.e., t ′μ(a) t ′μ(b) + 1, i.e., t ′μ ∈ v◦.
(b) Let w ∈W . There is some v ∈ V such that t ′(w◦) ⊂ v◦. Let a, b ∈ P and ρ > 1 with a 
b + v/ρ, then for every μ ∈ w◦ we have t ′μ ∈ v◦, hence t ′μ(a) t ′μ(b)+ 1/ρ, i.e., μ(t (a))
μ(t (b)) + 1/ρ. This implies that t (a) t (b) + w; if not, by the (SP) property for (Q,W) there
is some ν ∈ w◦ such that ν(t (a)) > ν(t (b))+ 1/ρ or t ′ν(a) > t ′ν(b)+ 1 with t ′ν ∈ v◦, which is
a contradiction. 
For locally convex spaces E,F with duals E′,F ′ a linear mapping t :E → F is continuous
with respect to σ(E,E′) and σ(F,F ′) if and only if t ′(F ′) ⊆ E′. In the case of locally convex
cones we have stronger result:
Corollary 3.3. Let (P,P ′) and (Q,Q′) be dual pairs, and X,Y be collections of subsets of P ′
and Q′, respectively, that satisfy the properties (P0)–(P2). Let t :P →Q be a linear mapping,
then
(a) if t is u-continuous with respect to the X-topology on P and Y -topology onQ, then for every
B ∈ Y , there is some A ∈ X such that t ′(v◦B) ⊂ v◦A,
(b) if for every B ∈ Y , there is some A ∈ X such that t ′(v◦B) ⊂ v◦A, then t is u-continuous with
respect to the X-topology on P and Y -topology on Q.
Proof. Every X-topology has the strict separation property. 
Let P be a cone and M be a subcone of P . Consider the equivalence relation ∼ on P as
x ∼ y if and only if x +M = y +M. The equivalence class x˜ is a subset of xˆ = x +M in
general, they are equal if M is a vector space. The set P/M= {xˆ: x ∈ P} with usual addition
(x + ŷ) = xˆ + yˆ and scalar multiplication λxˆ = (λx̂) for x, y ∈ P and λ > 0 is a cone, called
quotient cone. The mapping k(x) = xˆ is linear which is called the canonical mapping of P onto
P/M.
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is some t ∈ yˆ such that s  t . If V is an (abstract) 0-neighborhood system for P , then V̂ =
{k(v) = vˆ: v ∈ V} is an (abstract) 0-neighborhood system for P/M which is called the quotient
(abstract) 0-neighborhood system, and the pair (P/M, V̂) is called the locally convex quotient
cone. Obviously k is a u-continuous linear mapping, (for details see [2]).
If there is a one to one linear mapping t of (P,V) onto (Q,W) such that both t and its
inverse t−1 are u-continuous then these two locally convex cones called uniformly isomorphic
(u-isomorphic) and that t is a u-isomorphism.
Theorem 3.4. Let (P,V) be a locally convex cone, M be a subcone of P and X be a collection
of subsets of P satisfying properties (P0)–(P2). If N = {ν ∈P∗: ν(M) = 0}, then
(a) k(X) has also (P0)–(P2), where k :P → P/M is the canonical mapping,
(b) N is a subcone of P∗,
(c) the dual of the locally convex quotient cone P/M is N .
Proof. (a) Let A ∈ X and ν ∈ (P/M)∗. We have
inf
{〈
k(a), ν
〉
: a ∈ A}= inf{〈a, k′ν〉: a ∈ A}> −∞,
since k′ν ∈P∗ by Theorem 3.2(a). The properties (P1) and (P2) are clear. Part (b) is evident.
For (c), define
T : (P/M)∗ →N , T (μ) = μ ◦ k.
It is easy to verify that T is linear and one to one, we will show that T is onto. Let ν ∈N , define
μ :P/M→ R as
μ(xˆ) = ν(x), xˆ ∈ P/M.
We show that μ is u-continuous, let aˆ, bˆ ∈ P/M with aˆ  bˆ + vˆ. Then evidently, {a}  aˆ 
bˆ+ vˆ = b+v+M. Choose the element x ∈M such that a  b+x +v. Since ν is u-continuous
and vanishes on M, we have ν(a) ν(b) + ν(x) + 1 = ν(b) + 1. That is μ(aˆ) μ(bˆ) + 1, i.e.,
μ ∈ (P/M)∗. Since
T(Uk(A)) = UA ∩
(P∗ ×P∗) for every A ∈ X, where T = T × T ,
both T and its inverse T −1 are u-continuous and T is a u-isomorphism. 
Theorem 3.5. Let P andQ be locally convex cones, Y be a collection of subsets ofQ∗ satisfying
properties (P0)–(P2) and let t :P →Q be u-continuous. Then
(a) t ′(Y ) has also properties (P0)–(P2) on P∗.
(b) Ut ′(B) = T −1(UB) for every B ∈ Y , where T = t × t.
Proof. (a) Let B ∈ Y and a ∈P we have t ′(B) ⊆P∗ by Theorem 3.2(a), and
inf
{〈t ′ν, a〉: ν ∈ B}= {〈ν, t (a)〉: ν ∈ B}> −∞,
so t ′(Y ) has (P0). The properties (P1) and (P2) are clear.
(b) Let B ∈ Y and a, b ∈ P . Using definitions (2.1 ) and (3.1), we have
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if and only if
〈a, t ′ν〉 〈b, t ′ν〉 + 1 for every ν ∈ B,
or 〈
t (a), ν
〉

〈
t (b), ν
〉+ 1 for every ν ∈ B,
that is
T (a, b) = (t (a), t (b)) ∈ UB. 
Remark 3.6.
(i) Under the conditions of the theorem, t is also u-continuous with respect to the Y -topology
on Q and t ′(Y )-topology on P . Also if t is one to one , then (P,Vt ′(Y )) and (t (P),VY ) are
u-isomorphic.
(ii) Let (P,V) and (Q,W) be locally convex cones and t :P → Q be u-continuous, Y =
{w◦: w ∈W} then t is also u-continuous with respect to the Y-topology on Q and t ′(Y)-
topology on P, where t ′(Y) = {t ′(w◦): w ∈W}.
(iii) Let (P,P ′) and (Q,Q′) be dual pairs and let X,Y be collections of subsets ofQ′ and P ′, re-
spectively, satisfying (P0)–(P2). Put Y = {v◦B : B ∈ Y } and t ′(Y) = {t ′(v◦B): B ∈ Y }. By the
(SP) property, the Y -topology and Y-topology on Q are equivalent but by Corollary 3.3(a),
the t ′(Y)-topology is weaker than the X-topology on P , moreover by Theorem 3.5(b), t is
also u-continuous with respect to the t ′(Y)-topology on P .
Corollary 3.7. Let P and Q be locally convex cones and t :P →Q be u-continuous, then t is
also u-continuous with respect to the topologies σ(P,P∗) and σ(Q,Q∗) on P and Q.
Theorem 3.8. Let P and Q be locally convex cones, t :P → Q be u-continuous and X be a
collection of subsets of P with properties (P0)–(P2) with respect to the duality (P,P∗). Then
(a) t (X) has also the properties (P0)–(P2) with respect to the duality (Q,Q∗).
(b) Ut(A) = T ′−1(UA) for every A ∈ X, where T ′ = t ′ × t ′.
Proof. The proof is similar to the proof of Theorem 3.5. 
Remark 3.9. Under the conditions of the theorem, t ′ is also u-continuous with respect to the
X-topology on P∗ and t (X)-topology on Q∗. Also if t is one to one, then (t (P)∗,VX) and
(Q∗,Vt (X)) are u-isomorphic.
Corollary 3.10. Let P and Q be locally convex cones and t :P →Q be u-continuous, then t ′ is
u-continuous with respect to the σ(P∗,P)-topology on P∗ and σ(Q∗,Q)-topology on Q∗.
Theorem 3.11. Let (P,P ′) and (Q,Q′) be dual pairs, and t :P → Q be u-continuous with
respect to the topologies σ(P,P ′) and σ(Q,Q′). Let X,Y be collections of σ(P,P ′)-bounded
and σ(Q∗σ ,Q)-bounded subsets of P and Q∗σ , respectively, that satisfy the properties (P0)–(P2).
Then the following are equivalent:
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(b) For every B ∈ Y, t ′(B) is u-precompact under the X-topology.
Proof. Assume (b). If A ∈ X and B ∈ Y, then there are subsets B1, . . . ,Bn of P∗σ such that
t ′(B) ⊂
n⋃
i=1
Bi, Bi ×Bi ⊂ 13UA.
Since A is σ(P,P ′)-bounded, it is u-precompact with respect to the σ(P,P ′), by Theorem 2.21.
Thus there are subsets A1, . . . ,An of P such that
A ⊂
m⋃
j=1
Aj , Aj × Aj ⊂ 13Uk (j = 1, . . . ,m),
where k = {t ′μ1, . . . , t ′μn}, μi ∈ B. Now let x, y ∈ A ∩Ai and μ ∈ B, then∣∣〈t (x),μ〉− 〈t (y),μ〉∣∣= ∣∣〈x, t ′μ〉 − 〈y, t ′μ〉∣∣

∣∣〈x, t ′μ〉 − 〈x,μi〉∣∣+ ∣∣〈μi, y〉 − 〈t ′μ,y〉∣∣+ ∣∣〈μi, x〉 − 〈μi, y〉∣∣
 1
3
+ 1
3
+ 1
3
= 1.
In a similar way (a) implies (b). 
Corollary 3.12. Let (P,Q) be a dual pair, and X,X′ be collection of subsets of Q and P ,
respectively, such that both have the properties (P0)–(P2). Then each A ∈ X is u-precompact in
the X′-topology if and only if each A′ ∈ X′ is u-precompact in the X-topology.
We prove that the dual of an inductive limit of locally convex cones is a projective limit. First
we bring two theorems.
Theorem 3.13. For each γ ∈ Γ , let Pγ be a cone with convex quasi-uniform structure Uγ . Let
P be a cone and for each γ , ϕγ be a linear mapping of P into Pγ . Then there is a convex
quasi-uniform structure U on P that is the coarsest one under which every ϕγ is u-continuous.
Proof. See [3, 2.1]. 
The locally convex cone P with the preorder and (abstract) 0-neighborhood system induced
by the above convex quasi-uniform structure is called the projective limit of the locally convex
cones Pγ by the mappings ϕγ .
Theorem 3.14. For each γ ∈ Γ , let Pγ be a locally convex cone with a convex quasi-uniform
structure Uγ . Let P be a cone and for each γ ∈ Γ , fγ :Pγ → P be a linear mapping such that
P = span⋃γ∈Γ fγ (Pγ ). Let U be the set of all convex subsets of P2 such that:
(a) For each U ∈ U and each γ ∈ Γ, we have F−1γ (U) ∈ Uγ .
(b) Each U ∈ U satisfies (u3).
(c) If U1, . . . ,Un ∈ U, then U1 ∩ · · · ∩Un ∈ U.
Then U is the finest convex quasi-uniform structure on P which makes each fγ u-continuous.
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The locally convex cone P with the preorder and (abstract) 0-neighborhood system induced
by the above convex quasi-uniform structure is called the inductive limit of the locally convex
cones Pγ by the mapping fγ .
Theorem 3.15. For each γ ∈ Γ , let Pγ be a locally convex cone and let its dual P∗γ have the
Xγ -topology. Let P be the inductive limit of the locally convex cones Pγ by the mappings ϕγ .
Then, if X is the set of finite unions of the sets {ϕγ (Aγ ): γ ∈ Γ }, the dual P∗ of P under the
X-topology is the projective limit of the P∗γ ’s by the mappings ϕ′γ , where ϕ′γ is the adjoint of ϕγ .
Proof. Each ϕ′γ maps P∗ into P∗γ , by Theorem 3.2(a). Let us denote the set of finite intersections
of the sets φ′−1γ (UAγ ), γ ∈ Γ , by U, where φ = ϕ × ϕ. First, we show that U forms a convex
quasi-uniform structure on P∗.
(u1) Let U ∈ U. We have U =⋂ni=1 φ′−1γi (UAγi ) and clearly  ⊂ U ( = {(ν, ν): ν ∈ P∗}).
(u2) Let U,V ∈ U. We have U = ⋂ni=1 φ′−1γi (UAγi ) and V = ⋂mj=1 φ′−1γj (UAγj ). Put W =
U ∩ V ∈ U.
(u3) Let U =⋂ni=1 φ′−1γi (UAγi ) ∈ U and λ,μ > 0. If (ν, η) ∈ λU ◦ μU, then there is some
τ ∈P∗ such that (ν, τ ) ∈ λU and (τ, η) ∈ μU, or equivalently(
ϕ′γi (ν), ϕ
′
γi
(τ )
) ∈ λUAγi , (ϕ′γi (τ ), ϕ′γi (η)) ∈ μUAγi (i = 1, . . . , n).
Hence
φ′γi (ν, η) =
(
ϕ′γi (ν), ϕ
′
γi
(η)
)= (ϕ′γi (ν), ϕ′γi (τ )) ◦ (ϕ′γi (τ ), ϕ′γi (η)) ∈ λUAγi ◦ μUAγi
⊂ (λ+ μ)UAγi (i = 1, . . . , n),
that is
(ν, η) ∈ (λ +μ)
n⋂
i=1
φ′−1γi (UAγi ) = (λ + μ)U (i = 1, . . . , n).
(u4) This property is trivial.
(u5) Let ν ∈ P∗, U =⋂ni=1 φ′−1γi (UAγi ) ∈ U and choose the strictly positive scalars λ1, . . . , λn
such that (0, ϕ′γi ν) ∈ λiUAγi . Put λ = maxni=1 λi , then we have
(0, ν) ∈
n⋂
i=1
λiφ
′−1
γi
(UAγi ) ∈ λU.
Now the projective limit on P∗ by the mappings ϕ′γ is the coarsest convex quasi-uniform struc-
ture such that the finite intersections of the sets φ′−1γ (UAγ ),Aγ ∈ Xγ , are its members. Since
Uϕγ (Aγ ) = φ′−1γ (UAγ ), Aγ ∈ Xγ , γ ∈ Γ,
by Theorem 3.8, or
U⋃n
i=1 ϕγi (Aγi ) =
n⋂
i=1
φ′−1γi (UAγi ), Aγi ∈ Uγi (i = 1, . . . , n),
this convex quasi-uniform structure is that of X-topology. 
M.R. Motallebi, H. Saiflu / J. Math. Anal. Appl. 337 (2008) 888–905 905Corollary 3.16. Let (P,V) be a locally convex cone, X be a collection of subsets of P satisfying
the properties (P0)–(P2). Then the X-topology on P∗ induces on the dual N of P/M the k(X)-
topology.
Proof. The adjoint mapping k′ is the identity mapping of N into P∗ and so the induced locally
convex topology on N is the projective limit of P∗ by k′. By the theorem, this is the k(X)-
topology, since P/M is the inductive limit of P by the mapping k. 
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